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$(\rho(u)+.\lambda(w))_{t}-\triangle u=f(t,.x)$ in $Q:=(\mathrm{O}, T)\cross\Omega$ , (0.1)
$\nu w_{t}-\kappa\triangle w+\beta(w)+g(w)\ni\lambda’(w)u$ in $Q$ , (0.2)
$\frac{\partial u}{\partial n}+n_{0}u=h(t, x)$ on $\Sigma:=(0, T)\cross\Gamma$ , (0.3)
$\frac{\partial w}{\partial n}=0$ on $\Sigma$ , (0.4)
$u(0, \cdot)=u_{0},$ $w(0, \cdot)=w_{0}$ in $\Omega$ . (0.5)
, $\Omega$ $\mathrm{R}^{N}(1\leq N\leq 3)$ , $\Gamma:=\partial\Omega$ smooth .
. $0<T<+\infty;\nu$ $\kappa$ ; $n_{0}$ ; $\rho$ $\beta$
maximal monotone graphs in $\mathrm{R}\cross \mathrm{R};g$ $\lambda$ ; $f,$ $h,$ $u_{0,0}w$
.
, obstacle phase-field model ,
. $\theta:=\rho(u)$ , $w$ non-conserved order parameter





, $\nu\geq 0,$ $\kappa\geq 0l^{\ovalbox{\tt\small REJECT}}+\kappa>0,$ $\beta$ $D(\beta)$ $\mathrm{R}$ ,
$g$
$\overline{D(\beta)}$ non-monotone . , $\beta=\partial I_{[]}-1,1$ $\partial I_{1-\frac{1}{2}\mathrm{l}}\frac{1}{2}$,
$g(w)=w^{3}-w$ . phase-field model Blowey-Elliott [1], Kenmochi-Niezgo\’odka
$[8,9]$ , Kenmochi [6], $\mathrm{H}\mathrm{o}\mathrm{r}\mathrm{n}-\mathrm{s}_{\mathrm{p}\mathrm{g}}\mathrm{r}\mathrm{e}\mathrm{k}\mathrm{e}\mathrm{l}\mathrm{s}-\mathrm{Z}\mathrm{h}\mathrm{e}\mathrm{n}[5]$, Lauren\caot $[10,11]$ , Colli-Sprekels [4]
, . , $\lambda$ $\overline{D(\beta)}$ convex $\lambda’’(w)u\leq 0$ for all $w\in\overline{D(\beta)}$
and $u\in D(\rho)$ , :
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(i) $\nu>0$ , $(P_{\nu 0})$ – , $(P_{\iota\ovalbox{\tt\small REJECT}\kappa})$ $\kappa\searrow 0$
,
(ii) $\rho$ : $\mathrm{R}$ $\mathrm{b}\mathrm{i}$-Lipschitz , $\lambda(w)=w$ , $\kappa>0$ , $(P_{\mathit{0}\kappa})$ –
, $(P_{\nu\kappa})$ $\nu\searrow 0$ .
Notation. ( ) Banach Hilbert $X$ $|\cdot|x$ $X$ , $x*$
$X$ dual .
$H$ $L^{2}(\Omega),$ $V$ $H^{1}(\Omega)$ , :
$|z|_{V}:=\{|\nabla \mathcal{Z}|_{L(}2+2\Omega)n_{0}|\mathcal{Z}|^{2}L2(\Gamma)\}1/2$ .
, $(\cdot, \cdot)$ $(\cdot, \cdot)_{\Gamma}$ $H$ $L^{2}(\Gamma)$ , $\langle\cdot, \cdot\rangle$ $V^{*}$ $V$ duality
pairing .
$a(v, z):= \int_{\Omega}\nabla v\cdot\nabla zdx$ for all $v,$ $z\in V$
, $F_{0}$ $V$ $V^{*}$ , :
$\langle$ $F_{0}v,$ $z)=a(v, z)$ for all $v,$ $z\in V$ ,
, $F_{0}v\in H$ , $v\in H^{2}(\Omega)$
$F_{0}v=-\triangle v$ in $\Omega$ with $\frac{\partial v}{\partial n}=0$ on $\Gamma$ .
– , $F$ $V$ $V^{*}$ duality mapping , :
$\langle Fv, z\rangle=a(v, z)+n_{0}(v, z)\Gamma$ for all $v,$ $z\in V$ ;
$Fv=-\triangle v$ in $\Omega$ , $\frac{\partial v}{\partial n}+n_{0}v=0$ on F.
.
$C_{w}([0, T];X)$ $[0, T]$ $X$ . “ $v_{n}arrow v$ in $C_{w}([0, T];^{x})$
(as $narrow+\infty$ ) ” $z^{*}\in X^{*}$ , $\langle z^{*}, v_{n}(t)-v(t)\rangle X$ $0$ $[0, T]$ –
.
$\langle\cdot, \cdot\rangle x_{d}$
$x*$ $X$ duality pairing .
“ ’ $n$. .
$dt$
1. Weak formulation for $(P_{\nu\kappa})$
$(P_{\nu\kappa})$ $(\mathrm{A}1)-(\mathrm{A}\mathrm{s})$ :
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(A1) $\rho$ : amaximal monotone graph in $\mathrm{R}\cross \mathrm{R},$ $\rho$ $D(\rho)$ $R(\rho)$ $\mathrm{R}$ ,
$D(\rho)$ $R(\rho)$ locally $\mathrm{b}\mathrm{i}$ -Lipschitz .
(A2) $\beta$ : amaximal monotone graph in $\mathrm{R}\cross \mathrm{R},$ $-\infty<\sigma_{*}<\sigma^{*}<+\infty$ $\sigma_{*},$ $\sigma^{*}$
$\overline{D(\beta)}=[\sigma_{*}, \sigma]*$ .
(A3) $\lambda$ $\lambda’$ l $[\sigma_{*}, \sigma^{*}]$ Lipschitz $\lambda$ : convex on $[\sigma_{*}, \sigma^{*}]$ such
that $\lambda’’(w)u\leq 0$ for $\mathrm{a}.\mathrm{e}$ . $w\in[\sigma_{*}, \sigma^{*}]$ and all $u\in D(\rho)$ .
(A4) $g$ $[\sigma_{*}, \sigma^{*}]$ Lipschitz .
(A5) $n_{0}$ : .
(A3) “ $\lambda’’(w)u\leq 0$ for $\mathrm{a}.\mathrm{e}$ . $w\in[\sigma_{*}, \sigma^{*}]$ and all $u\in D(\rho)$ ” $\lambda$ $[\sigma_{*}, \sigma^{*}]$
, $D(\rho)\subset(-\infty, 0]$ .
, $f\in L^{2}(0, \tau;H),$ $h\in L^{2}(0, \tau;L2(\mathrm{r})),$ $u_{\mathit{0}},$ $w_{0}\in V$ ,
$(P_{\nu\kappa})$ .
Definition 1.1. 2 $u:=u_{\nu h}’$ : $[0, T]arrow V$ $w:=w_{\nu\kappa}$ : $[0, T]arrow V$
$(\mathrm{w}1)\nu\kappa$ -(W3)v , $(P_{\nu\kappa})$ with $\nu>0$ and $\kappa>0$ :
$(\mathrm{w}1)\nu\kappa$ $u\in L^{2}(0, T;V),$ $\rho(u)\in L^{\infty}(\mathrm{O}, T;H)\cap W^{1,2}(0, T;V*)$ ,
$w\in L^{\infty}(\mathrm{O}, T;V)\cap W^{1,2}(0, T;H)$ and $u(\mathrm{O})=u_{0},$ $w(\mathrm{o})=w_{0}$ .
$(\mathrm{w}2)_{\mathcal{U}}\kappa$ $z\in V$ $\mathrm{a}.\mathrm{e}$ . $t\in[0, T]$ ,
$\langle\rho(u)’(t)+\lambda(w)’(t), z\rangle+a(u(t), z)+(n_{0^{u(t}})-h(t),$ $z)\mathrm{r}=(f(t), \mathcal{Z})$ . (1.1)
$(\mathrm{w}3)\nu\kappa$ $\xi\in L^{2}(0, T;H)$ , $\xi\in\beta(w)\mathrm{a}.\mathrm{e}$ . on $Q$
$\nu(w’(t), z)+\kappa a(w(t), z)+(\xi(t)+g(w(t))-\lambda’(w(t))u(t), z)=0$ (1.2)
for all $z\in V$ and $\mathrm{a}.\mathrm{e}$ . $t\in[0, T]$ .
$h\in L^{2}(0, T;L^{2}(\Gamma))$ , $h_{0}\in L^{2}(0, \tau;V)$ ,
$a(h_{0}(t), z)+(n_{0^{h}0}(t)-h(t), Z)_{\Gamma}=0$ for all $z\in V$ and $\mathrm{a}.\mathrm{e}$ . $t\in[0, T]$ ;
$h\in W^{1,2}(0, \tau;L^{2}(\Gamma))$ $h_{\text{ }}\in W^{1,2}(0, \tau;V)$ . h , (1.1)
(1.2) :
$\rho(u)’(t)+\lambda(w)^{;}(t)+F(u(t)-h0(t))=f(t)$ (1.3)
$\nu w’(t)+\kappa F_{0}w(t)+\xi(t)+g(w(t))=\lambda’(w(t))u(t)$ (1.4)
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for $\mathrm{a}.\mathrm{e}$ . $t\in[0, T]$ .
Definition 12. 2 $u:=u_{\nu 0}$ : $[0, T]arrow V$ $w:=w_{\nu 0}$ : $[0, T]arrow H$
$(\mathrm{w}1)_{\nu}0^{-}(\mathrm{W}3)_{\nu}0$ , $(P_{\nu 0})$ with $\nu>0$ :
$(\mathrm{w}1)_{\nu 0}$ $u\in L^{2}(0, \tau;V),$ $\rho(u)\in L^{\infty}(\mathrm{O}, T;H)\cap W^{1,2}(0, T;V*)$ ,
$w\in W^{1,2}(0, T;H)\cap L$“ $(0, T, V)$ and $u(\mathrm{O})=u_{0},$ $w(\mathrm{O})=w_{0}$ .
$(\mathrm{w}2)_{\nu 0}$ $z\in V$ $\mathrm{a}.\mathrm{e}$ . $t\in[0, T]$ , (1.1) .
$(\mathrm{w}3)_{\nu}0$ $\xi\in L^{2}(0, \tau_{;}H)$ $\xi\in\beta(w)\mathrm{a}.\mathrm{e}$ . on $Q$ and
$\nu w’(t)+\xi(t)+g(w(t))=\lambda’(w(t))u(t)$ in $H$ (1.5)
for $\mathrm{a}.\mathrm{e}$ . $t\in[0, T]$ .
$(\mathrm{w}3)_{\nu}\text{ }$ $(\mathrm{w}3)_{\nu 0}$ $(P_{\nu\kappa})$ $\{u, w\}$ $w$ $Q$ $\sigma_{*}\leq$
$w\leq\sigma^{*}$ . $(P_{\nu\kappa})$ weak formulation $[\sigma_{*}, \sigma^{*}]$ $\lambda$ $g$
. ,
:
$g$ support compact, $\lambda$ $[\sigma_{*}, \sigma^{*}]$ . (1.6)
, (1.6) .
$(P_{\nu f},.)$ with $\nu>0$ and $\kappa>0$ , – .
Theorem 1.1. $(Al)-(A\mathit{5})$ $(H\mathit{1})-(H\mathit{4})$ :
$(Hl)f\in W^{1,2}(0, \tau;H)$ .
$(H\mathit{2})h\in W^{1,2}(0, T;L^{2}(\Gamma))\cap L^{\infty}(0, T;L^{\infty}(\Gamma))$ such that
$n_{0} \sup D(\rho)\geq h(t, x)\geq n_{0}\inf D(\rho)$ for a. $e$ . $(t, x)\in\Sigma$
$A_{1}$ $A_{1}’$
$\rho(r)(n_{0}r-h(t, X))\geq-A_{1}|r|-A_{1}$
’ for all $r\in D(\rho)$ and a. $e$ . $(t, x)\in\Sigma$ .
$(H\mathit{3})u_{0}\in V$ with $\rho(u_{0})\in H$ .
$(H\mathit{4})w_{0}\in H^{2}(\Omega)$ with $\frac{\partial w_{0}}{\partial n}=0$ $a.e$ . on $\Gamma$ $\xi 0\in H$ $\xi 0\in\beta(w_{0})a.e$ . on
$\Omega$ .
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$(P_{\nu\kappa})$ with $\nu>0$ and $\kappa>0$ – $\{u_{\nu\kappa}, w_{\nu\hslash}\}$ 2 .
$\{$
$u_{\nu\kappa}\in L^{\infty}(\mathrm{o}, \tau;V)$ ,
$w_{\nu\kappa}\in L^{\infty}(0, T;H2(\Omega))$ ,
$w_{\nu\kappa}’\in L^{\infty}(0, \tau_{;}H)\cap L^{2}(0, T;V)$ ,
$\xi_{\nu\kappa}\in L^{\infty}(0, \tau;H)$ ,
(1.7)
$\xi_{\nu\kappa}$ Definition 1.1 $(\mathrm{w}3)\nu\kappa$ $\xi$ . – (i) (ii)
:
(i) $\nu$ $\kappa$ $\delta_{0}$ $M_{0}$ )
$\int_{\Omega}\{\overline{\rho^{-1}}(\rho(u(\nu\kappa)t))-\gamma_{0}(\rho(u(\nu\kappa)t)+\lambda(w_{\nu\kappa}(t)))\}dx$




for all $t\in[0, T]$ , $r_{0}\in D(\rho)_{f}\overline{\rho^{-1}}$ $\rho^{-1}\text{ }\overline{\rho^{-}1}$ $(\rho(r_{0}))=0$ ,
$\hat{\beta}$ : $\mathrm{R}$ non-negative proper 1. $S.C$ . convex $\text{ _{ }}\partial\hat{\beta}=\beta_{f}\hat{g}$ $g$
.




for all $t\in[0, T]$ .
Theorem 1.1 , [13] .
Lemma 1.1. Theorem 1.1 , $\{u_{i}, w_{i}\}$ $(P_{\nu_{i}\kappa_{i}})$ with $\nu_{i}>0$ and













for $\mathrm{a}.\mathrm{e}$ . $t\in[0, T]$ , $(\mathrm{w}3)\nu\kappa$ (w3)\nu $\xi$ . (1.12)






for $\mathrm{a}.\mathrm{e}$ . $t\in[0, T]$ ,
$Y_{1}(t):=(u_{1}(t)-u_{2}(t), e1(t)-e_{2}(t))-(\lambda’(w1(t))u_{1}(t)-\lambda’(w_{2}(t))u_{2}(t), w1(t)-w_{2}(t))$
$Y_{2}(t):=(\xi 1(t)-\xi 2(t), w_{1}(t)-w_{2(t}))$ .
$\beta$ $Y_{2}(t)\geq 0$ . , [7, Lemma 3.1] (A3) , $Y_{1}(t)\geq 0$ .
(1.14) (1.11) $\square$
Corollary 11. Lemma 1.1 ) $\nu>0$ $\kappa\geq 0$ , $(P_{\nu\kappa})$
– .
Proof. $\{u_{i}, w_{i}\}$ $\nu>0$ $(.P_{\nu\kappa})$ , $e_{i}:=\rho(u_{i})+\lambda(w_{i}),$ $i=1,2$





for $\mathrm{a}.\mathrm{e}$ . $t\in[0, T]$ , $L(g)$ $g$ Lipschitz . (1.15) Gronwall $\mathrm{l}\mathrm{e}\ln\iota \mathrm{n}\mathrm{a}$
, $e_{1}=e_{2}$ $w_{1}=w_{2}$ , i.e. $\{u_{1}, w_{1}\}=\{u_{2}, w_{2}\}$ . $(P_{\nu\kappa})$
– . $\square$
2. Asymptotic convergence in $(P_{\nu\kappa})$ as $\kappa\searrow 0$
, $\nu>0$ , $\kappa\searrow 0$ $(P_{\nu\kappa})$ $\{u_{\mathcal{U}\kappa}, w_{\mu\kappa}\}$
.
Theorem 21. $(A\mathit{1})-(A\mathit{5}),$ $(H\mathit{1})-(H\mathit{4})$ , $\nu>0$ .
$\kappa\searrow 0$ ) $(P_{\nu\kappa})$ $\{u_{\nu\kappa}, w_{\nu\hslash}\}$ $\{u_{\nu\text{ }}, w_{\nu\text{ }}\}$
.
$u_{\nu\kappa}arrow u_{\nu 0}$ in $C_{w}([\mathrm{o}, T];V)$ ,
(2.1)
$\rho(u_{\nu\kappa})arrow\rho(u_{\nu 0})$ in $C_{w}([\mathrm{o}, T];H)$ ,
$w_{\nu\kappa}arrow w_{\nu 0}$ weakly in $W^{1,2}(0, T;H)$ ,
in $C_{w}([0, T];V)\cap L^{2}(0, \tau;V)$ .
(2.2)
, $\{u, w\nu 0\nu 0\}$ $(P_{\nu 0})$ – .
Colli-Sprekels [4] . 1 , $\rho(u)=$ 1
$(-\infty<u<0)$ $\lambda$ : $\mathrm{R}$ convex , $\kappa$ $(P_{\nu\kappa})$
. Theorem 2.1 , [$4|$ .
Proof of Theorem 2.1. $\nu>0$ , $\kappa\in(0,1]$ , $(P_{\nu\kappa})$
$\{u_{\kappa}, w_{\kappa}\}$ .
$\overline{\rho^{-1}}(\rho(u_{\kappa}))-\rho(u_{\kappa})r_{0}\geq\overline{\rho-1}(\rho(r_{0}))-\rho(r\mathrm{o})r0$
$\mathrm{a}.\mathrm{e}$ . on $Q$ ,
, (1.8) (1.9) .
$\{u_{\kappa}\}$ is bounded in $L^{\infty}(\mathrm{O}, \tau;V)$ , (2.3)
$\{\rho(u_{\kappa})\}$ is bounded in $L^{\infty}(\mathrm{o},$ $\tau;H\mathrm{I}\cap W^{1,2}(0, T;V*)$ , (2.4)
$\{w_{\kappa}\}$ is bounded in $W^{1,2}(0, T;H)$ , (2.5)
$\{\sqrt{\kappa}w_{\text{ }}\}$ is bounded in $L^{\infty}(0, T;V)$ . (2.6)
, (1.4) w\mbox{\boldmath $\kappa$}(t) $(=-\triangle w_{\kappa}(t))$ .
$\frac{\nu}{2}\frac{d}{dt}|\nabla w_{\hslash}(t)|_{H^{+\kappa}}2|\triangle w(\kappa t)|_{H}2\leq(L(g)+M(\lambda’))|\nabla w\hslash(t)|^{2}H^{+M}(\lambda’)|\nabla u_{\kappa}(t)|^{2}H$ (2.7)
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for $\mathrm{a}.\mathrm{e}$. $t\in[0, T]$ , $M(\lambda’)$ : $\lambda’$ $[\sigma_{*}, \sigma^{*}]$ . (2.7) (A3)
$\lambda’’(w_{f_{-}’}.)u\kappa\leq 0$ ,
$(\xi_{\kappa}(t), -\triangle w_{\hslash}(t))\geq 0$
$(\lambda’(w_{\kappa}(t))u(\hslash t), -\triangle w_{\kappa}(t))$
$= \int_{\Omega}\lambda’’(w_{\kappa}(t))u_{\kappa}(t)|\nabla w(\kappa)t|2dx+\int_{\Omega}\lambda’(w_{\kappa}(t))\nabla u(\hslash t)\cdot\nabla w_{\kappa}(t)dx$
$\leq\int_{\Omega}\lambda’(w(\hslash))\nabla u_{\kappa}(t)\cdot\nabla w\kappa t(\theta)dX$
$\leq M(\lambda’)(|\nabla w\kappa(t)|^{2}H+|\nabla u_{\hslash}(t)|_{H}^{2})$ ,
. (2.7) Gronwall lemma , (2.3) ,
$\{$
$\{w_{\kappa}\}$ is bounded in $L^{\infty}(\mathrm{O}, \tau;V)$ ,
$\{\sqrt{\kappa}\triangle w_{\kappa}\}$ is bounded in $L^{2}(0, T;H)$ .
(2.8)
, $\{\kappa_{n}\}$ $(0,1]$ $0$ , Lemma 1.1, (1.11)
$\frac{1}{2}\frac{d}{dt}\{|e_{n}(t)-e_{m}(t)|_{V^{*}}^{2}+\nu|w_{n}(t)-wm(t)|_{H}^{2}\}$
$+ \int_{\Omega}\nabla(\kappa w(t)-\kappa w(m\eta \mathrm{t})\nabla(w(n)t-nnt)\cdot wm(t))dX$ (29)
$\leq L(\mathit{9})|w_{n}(d)-w_{m}(t)|^{2}H$









for all $s\in[0, T]$ . , $\overline{w}_{n}:=\exp(-\frac{L(g)}{\nu}t)w_{n}$
$\int_{0}T\int_{\Omega}\nabla(\kappa_{n}\overline{w}_{n}-\kappa_{m}\overline{1v})n\cdot\cdot\nabla(\overline{w}_{n}-\overline{w})mdXds\leq 0$.
, [3, Lemma 2.4] , (2.8)
{\nabla w\tilde is Cauchy in $L^{2}(0,T,H)^{N}$ .
$\{w_{n}\}$ is Cauchy in $L^{2}(0, \tau;V)\cap C([0, T];H)$ (2.10)
$\{\rho(u_{n})\}$ is Cauchy in $C([0, T];V^{*})$ . (2.11)
, (2.10) (2.11) (2.8) (2.4) , $w$ $\chi$
$w_{n}arrow w$ in $C_{w}([\mathrm{o}, T];V)$ (2.12)
$\rho(u_{n})arrow\chi$ in $C_{w}([0, T]))H$ . (2.13)
, $\{u_{n}\}$ $u$ weakly* in $L^{\infty}(\mathrm{o}, \tau;V)$ $\{n\}$ ,
$\{n\}$ , $\chi=\rho(u)$ , , $\rho(u_{n})arrow\rho(u)$ in $C_{w}([0, T];H)$ . $\rho(u_{7\iota})arrow\chi$
in $C([0, T];V^{*})$ ,
n l+m\infty $\int_{0}^{T}(\rho(u_{n}), un-u)dt=\mathrm{l}\mathrm{i}\mathrm{m}narrow+\infty\int_{0}^{T}\langle\rho(u)n’ u_{n}-u\rangle dt=0$ ,
$L^{2}(0, \tau;H)$ maximal monotone $\chi=\rho(u)$ . , $u_{n},$ $u\in$
$C_{w}([\mathrm{o}, T];V)$ $u_{n}arrow u$ in $C_{w}([0, T];V)$ .
$-\mathrm{F}$ ,
$\{$
$\xi_{n}$ $:=-\nu w’+\kappa_{n}\triangle w-nn\mathit{9}(wn)+\lambda/(w_{n})un$
$arrow-\nu w’-g(w)+\lambda’(w)u=:\xi$ weakly in $L^{2}(0, \tau;H)$ ,
and $\xi\in\beta(w)\mathrm{a}.\mathrm{e}$ . on $Q$ .
(2.14)
, $(2.3)-(2.\bm{5}),$ $(2.8),$ $(2.12)-(2.14)$ Corollary 1.1 , $\{u, w\}$
$(P_{\nu 0})$ – . (2.1) (2.2) $\kappa\searrow 0$ , \mbox{\boldmath $\kappa$}n\searrow O
. $\square$
3. Asymptotic convergence in $(P_{l\text{ }\kappa})$ as $\nu\searrow 0$
, $\kappa>0$ , $\rho$ $\lambda$ , $\nu\searrow 0$
$(P_{\nu\kappa})$ $\{u_{\nu\kappa}, w_{\nu\kappa}\}$ .
(A1) (A3) , :
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(Al) $\rho$ : $\mathrm{R}arrow \mathrm{R}:\mathrm{b}\mathrm{i}$-Lipschitz ;
(A3) $\lambda(r)=r$ for all $r\in \mathrm{R}$ .
$(P_{0\kappa})$ with $\lambda(r)\equiv\uparrow\urcorner$ .
Definitioll 3.1. 2 $u:=u_{0\kappa}$ : $[0, T]arrow V$ $w:=w_{0\kappa}$ : $[0, T]arrow V$
$(\mathrm{w}1)_{0\kappa}-(\mathrm{w}3)0_{\kappa}$ , $(P_{0_{\text{ }}})$ with $\kappa>0$ :
$(\mathrm{w}1)_{0\kappa}$ $u\in L^{2}(0, T;V)\cap L^{\infty}(\mathrm{O}, T;H),$ $w\in L^{\infty}(\mathrm{O}, T;V),$ $(\rho(u)+w)’\in L^{2}(0, T;V*)$
and $(\rho(u)+w)(0)=\rho(u_{0})+w_{0}$ .
$(\mathrm{w}2)_{0_{\kappa}}$ $z\in V$ $\mathrm{a}.\mathrm{e}$ . $t\in[0, T]$ , (1.1) .
$(\mathrm{w}3)_{0\kappa}$ $z\in V$ $\mathrm{a}.\mathrm{e}$ . $t\in[0, T]$ $\xi\in L^{2}(0, \tau;H)$ , $\xi\in\beta(w)$
$\mathrm{a}.\mathrm{e}$ . on $Q$
$\kappa a(w(t), z)+(\xi(t)+g(w(t))-u(t), z)=0$ , (3.1)
.
Theorem 3.1. $(A\mathit{1})’,$ $(A\mathit{2})_{f}(A\mathit{3})’f(A\mathit{4}))(A\mathit{5})_{f}(Hl)-(H\mathit{4})$ ,
: $\beta+g+\underline{1}I$ : strongly monotone on $[\sigma_{*}, \sigma^{*}]i$ $L(\rho)$ $\rho$
$L(\rho)$
Lipschitz . ) $c0$ i :
$( \xi_{1}-\xi_{2}+g(r_{1})-g(r2)+\frac{1}{L(\rho)}(r_{1}-r_{2}))(r_{1}-r_{2})\geq c_{0}|\Gamma 1^{-r|^{2}}2$ (3.2)
for all $r_{i}\in D(\beta),$ $\xi_{i}\in\beta(r_{i}),$ $i=1,2$ .
$\kappa>0$ . $(P_{\nu\kappa})$ $\{u_{\nu\kappa}, w_{\mathcal{U}\kappa}\}$ $\nu\searrow 0$ )
$\{u0\kappa’ w0\kappa\}$ :
$u_{\nu\kappa}arrow u_{\text{ }\kappa}$ in $L^{2}(0, T;H)$ ,
weakly in $L^{2}(0, \tau;V)$ , (3.3)
weakly $*\mathrm{o}inL\infty(, T;H)$ ,
$w_{\nu\kappa}arrow w_{0\kappa}$ in $L^{2}(0, \tau;V)$ ,
(3.4)
$weaklynL*_{i}\infty(\mathrm{O}, \tau;V)$ ,
$\rho(u_{\nu\kappa})+w_{\nu\kappa}arrow\rho(u_{0_{\hslash}})+w_{0\kappa}$ in $L^{2}(0, T;H)\cap C_{w}([0, T])H)$ . (3.5)
, $\{u_{0\kappa}, w_{0\hslash}\}$ $(P_{0\hslash})$ – .
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Proof. (Uniqueness for $(P_{0\kappa})$ ) $\{u_{i}, w_{i}\}$ $(P_{0\kappa})$ on $[0, T]$ 2 (Definition 3.1
) ,




for $\mathrm{a}.\mathrm{e}$ . $t\in[0, T]$ and
$\kappa F_{0}(w_{1}(t)-w_{2}(t))+(\xi_{1}(t)-\xi 2(t))+(g(w_{1}(t))-g(w_{2}(t)))=u_{1}(t)-u_{2}(t)$ (3.7)
for $\mathrm{a}.\mathrm{e}$ . $t\in[0,T]$ , $\xi_{i}\in L^{2}(0,T, H)$ with $\xi_{i}\in\beta(w)\mathrm{a}.\mathrm{e}$ . on $Q,$ $i=1,2$ . (3.6)





for $\mathrm{a}.\mathrm{e}$ . $t\in[0, T]$ .
$(u_{1}-u2, w1-w2)$
$=(u_{1}-u2, e1-e_{2})-(\rho-1(e1-w_{1})-\rho^{-1}(e_{2}-w_{2}), (e_{1}-w_{1})-(e_{2}-\cdot\omega 2))$ (3.10)
$\leq(u_{1}-u_{2,1}e-e_{2})-\frac{1}{L(\rho)}|(e1-w_{1})-(e2-w_{2})|^{2}H$ .
(3.8) (3.9) , (3.10)
$\frac{1}{2}\frac{d}{dt}|e_{1}(t)-e2(t)|^{2}V*+\kappa|\nabla(w1(t)-w_{2}(t))|_{H^{+\frac{1}{L(\rho)}1}}^{2}e_{1}(t)-e_{2}(t)|_{H}^{2}$
$+( \xi_{1}(t)-\xi 2(t)+g(w_{1}(t))-g(w_{2}(t))+\frac{1}{L(\rho)}(w1(t)-w_{2}(t)), w1(t)-w2(t))$ (3.11)
$\leq\frac{2}{L(\rho)}(e_{1}(t)-e_{2}(t), w1(t)-w_{2}(t))$









for $\mathrm{a}.\mathrm{e}$ . $t\in[0, T]$ . Gronwall lelIlma $e_{1}=e_{2}$ $w_{1}=w_{2}$ , i.e. $\{u_{1},w_{1}\}=$
$\{u_{2}, w_{2}\}$ .
(Convergence of $(P_{\nu\kappa})$ as $\nu\searrow 0$ ) $\{\nu_{n}\}$ $0$ , ,
$(P_{\nu_{n}\kappa})$ $\{u_{\nu_{n}\kappa}, w\nu_{n}\kappa\}$ $\{u_{n}, w_{n}\}$ . , (Al) (1.8)
( $\{u_{n}\}$ is bounded in $L^{\infty}(\mathrm{O}, T;H)\cap L^{2}(0, \tau;V)$ ,
$\{w_{n}\}$ is bounded in $L^{\infty}(\mathrm{O}, \tau;V)$ ,
(3.14)
$\{\rho(u_{n})+w_{n}\}$ is bounded in $L^{2}(0, \tau;V)\cap W^{1,2}(0, T;V*)$ ,
$\{\sqrt{\nu_{n}}w_{n}’\}$ is bounded in $L^{2}(0, T;H)$ .
$\{n\}$ ( $\{n\}$ ) , $\{u, w\}$
,
( $u_{n}arrow u$ weakly in $L^{2}(0, \tau;V)$ and $\mathrm{w}\mathrm{e}\mathrm{a}\mathrm{k}\mathrm{l}\mathrm{y}\mathrm{i}*\mathrm{n}L\infty(\mathrm{o}, T;H)$,
$w_{n}arrow w$
$\mathrm{w}\mathrm{e}\mathrm{a}\mathrm{k}\mathrm{l}\mathrm{y}*\mathrm{i}\mathrm{n}L^{\infty}(\mathrm{O}, \tau;V)$ , (3.15)
$\nu_{n}w_{\eta}’arrow 0$ in $L^{2}(0, \tau_{;}H)$ .
– , $e_{n}=\rho(u_{n})+w_{n},$ $\delta$ $c_{s}$ , (3.13) ,
$\frac{1}{2}\frac{d}{dt}|e_{n}(t)-e_{m}(t)|_{V}^{2}*+(\kappa-\frac{2\delta}{L(\rho)})|\nabla(w_{n}(t)-w_{m}(t))|_{H^{+\frac{1}{L(\rho)}1}}^{2}e_{n}(t)-e_{m}(t)|_{H}^{2}$
$+(c_{0}- \frac{2\delta}{L(\rho)})|w_{n}(t)-w_{m}(t)|^{2}H+(\nu_{n}w_{n}(\prime t)-\mathcal{U}_{m}w_{m}’(t), w_{n}(t)-w_{m}(t))$
$\leq\frac{2C_{\mathit{6}}}{L(\rho)}|e_{n}(t)-e_{m}(t)|_{V}^{2}*$
for $\mathrm{a}.\mathrm{e}$ . $t\in[0, T]$ . $(3.1\bm{5})$ $\{e_{n}\}$ : Cauchy in $C_{w}([0, T];V^{*})\cap L2(0, \tau;H)$
$\{w_{n}\}$ : Cauchy in $L^{2}(0, T;V)$ . , $narrow+\infty$ ,
$w_{n}arrow w$ in $L^{2}(0, \tau;V)$ (3.16)
$u_{n}=\rho^{-1}(e_{n}-w)narrow u=\rho^{-1}(e-w)$ in $L^{2}(0, T;H)$
1. $\mathrm{e}$ .
$e$
$\rho(u_{n})arrow\rho(u)$ in $L^{2}(0, \tau;H)$ , (3.17)
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$e=\rho(u)+w$ .
$(\rho(u_{n})+w_{n})’arrow(\rho(u)+w)’$ weakly in $L^{2}(0, T;V^{*})$ . (3.18)
, $\{w_{n}\}$ $L^{2}(0, T;H2(\Omega))$ ,
$\mathcal{K}F_{0^{w_{n}}+}\beta(w_{n})\ni l_{n}:=-\nu_{n}w_{n}’-\mathit{9}(w_{n})+un$
$\{l_{n}\}$ : $L^{2}(0, \tau;H)$ . ,
$\{$
$\xi_{n}:=-\nu_{n}w_{n}’-\kappa F_{0}w-n\mathit{9}(w_{n})+un$
$arrow-\kappa F_{0}w-g(w)+u=:\xi$ weakly in $L^{2}(0, T;H)$
and $\xi\in\beta(w)\mathrm{a}.\mathrm{e}$ . on $Q$ .
(3.19)
$(3.15)-(3.19)$ $\{u, w\}$ $(P_{0\kappa})$ , $(3.3)-(3.5)$ .
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